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CURVATURE PROPERTIES OF HOMOGENEOUS 
MATSUMOTO METRIC 


NARASIMHAMURTHY S.K, KAVYASHREE A.R AND MALLIKARJUN Y 
KUMBAR 


ABSTRACT. In this paper, we find the formula for the S-curvature 
of homogeneous Matsumoto metric. Further, we obtain the formu- 


la of the mean Berwald curvature using the equation of S-curvature. 


1. INTRODUCTION 


The concept of (a, 8)-metrics were introduced by M.Matsumoto in 
1972. The study of Finsler space with (o, 8)-metric was studied by 
many authors(|1],[2].|7]etc.,) and it is quite old concept , but it is a very 
important aspects of Finsler geometry and its applications to physics. 
An (a, B)-metric is scalar function on TM defined by, F = aó(s), s = 
B/o, where a = v/aij(x)y!y? is a Riemannian metric and 6 = b;(z)y! 


is a 1-form in the manifold M. 


Some of very important examples of (a, 3)-metrics are Randers met- 
ric, Matsumoto metric and Berwald metric etc. The Matsumoto met- 
ric is one of the interesting (a, 3)-metric with ó = 1/1 — s, introduced 


by M.Matsumoto ([10]) by using gradient of slope, speed and gravity. 
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This metric formulates the model of a Finsler space and many authors 


([3],[12],[15]) have studied in different perspectives. 


Also, curvature properties of (o, 9)-metrics have been studied by 
various authors 
([10].(13],[15]etc.,). There are several interesting curvatures in Finsler 
geometry, among them the flag curvature is the most important one, 
which is the natural generalization of sectional curvature in Riemann- 
ian geometry. On the other hand, Z.Shen introduced the notion of any 
Riemann manifold has vanishing S-curvature. It is important to note 
that S-curvature and flag curvature are subtly related with each oth- 
er. It is an interesting problem to compute the geometric quantities, 
particularly the curvatures of homogeneous spaces. In 1976, J.Milnor 
used the formula of the sectional curvature of left invariant Riemannian 
metric on a Lie group to study the curvature properties of such spaces 


and obtained some interesting results [6]. 


In 2007, S.Deng and Z.Hu proved that a homogeneous Finsler spaces 
with non-positive flag curvature and strictly negative Ricci scalar is a 
simply connected|ll]. In 2009, S.Deng obtained the explicit formula 
of S-curvature of homogeneous Randers spaces and proved that a ho- 
mogeneous Randers space with almost isotropic S-curvature must have 


vanishing S-curvature [12]. 


The main purpose of this paper is to give formula for S-curvature of 
homogeneous Matsumoto metric and also, we find the formula of the 


mean Berwald curvature E;; of homogeneous Matsumoto metric. 
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2. PRELIMINARIES 


Let M be an n-dimensional C^? manifold and TM = U... TaM 
denote the tangent bundle of M. A Finsler metric on M is a functions 
F:TM — (0,00) with the following properties: 

a) Fis C? on TMN(0Y; 

b) At each point z € M, F;(y) = F(x,y) is a Minkowskian norm on 
T, M. 

The pair (M, F') is called Finsler manifold: 

Let (M, F) be a Finsler manifold and 


(2.1) qu.) = SUP (a, Dy 





For a vector y = yd. z # 0, F induces an inner product g, on T, M 


as follows 


Jij (u, v) = gui, 


2 
özü 





where u = u’ 





— X. 
z and u = ugi 





x 


Let V be an n-dimensional real vector space and F be a Minkowski 


norm on V. For a basis {e;} of V, let 


SCH Vol(B") 
—— Vol{y*}eR"|F(y*e;)<1? 





OF 


where Vol means the volume of a subset in the standard Euclidean 
space R” and B” is the open ball of radius 1. This quantity is generally 


depends on the choice of basis e;. But it is easy to see that 


Inay det(gij(y)) yeV M01 


Op ? 


T(y) = 


is independent of the choice of the basis. 7 = T(y) is called the distor- 
tion of (V, F). Now let (M, F)be a Finsler space. Let T(x, y) be the 
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distortion of the Minkowski norm Fy on T, M. For ycT; M — {0}, let 
T(t) be the geodesic with 7(0) = x and 7(0) = y. Then the quantity 


(2.2) S(x,y) = d/dt|r(o(y), o (t))] |izo 


is called the S-curvature of the Finsler space (M,F). 


Definition 2.1. A Finsler space (M,F) is said to have almost isotropic 
S-curvature if there exists a smooth function c(r) on M and a closed 


1-form v such that: 
S(x,y) = (n + D(c(x)F(y) + n(u)), z € M, ye M 


If in the above equation n = 0, then (M,F) is said to have isotropic 
S-curvature. If rj = 0 and c(x) is a constant, then (M,F) is said to 


have constant S-curvature. 


By [2], in a local coordinate system, the S-curvature of (a, 8)-metrics 
F = aó(s) with the underlying Riemannian metric a can be expressed 


as 


S = (20 — EO) (ro + so) — a! gà (roo — 2aQ50), 


where Q = 42, A=1+sQ+(?+82)Q’, v— 2. 
dech 2A 





$ = —(Q — sQ')nA + 1 + sQ — ((P” — s?)(1 + sQ)Q"), 
rij = a (big + bel, su = (biş — bel, b = bja”, 
2 57 m Ha Too = 2007 So = Sc, ro — riy” 
and the function f(b) in the formula is defined as follows. The Busemann- 


Hausdorff volume form don = ogy(x)dzx is defined by 


Wn 


Opn (x) = Vol{(y*)eR™:F (x,y? a )<1)? 


Özü 
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and the Holmes- Thomson volume form, dur = oyri(z)dr is defined 


by 


o uT(x) = = me Degn:F(a, V d 2, ;)«1) det(gi;)dy, 


where Vol denotes the Euclidean volume, gi; = LF?İ, and 


BUB x 


wn = Vol(B"n(1)) = Volts" 1) = c Vol(95-*). P sın” 2(t)dt. 


When F = y/gi;(x)yty is a Riemannian metric, both volume forms re- 
duce to the same Riemannian volume form dur = don = 4/det(g;;(x))da. 
Now for the (o, 8)-metric F = o$(s), s = b/a , b = ||B,||o, let 
dV = dVgg Or dVgr. Then 

plo ¿s sin? tdt ifdV es diu 


T sin^—?tdt ? 
= 0  ó(bcost) 
(2.3) f(b) Ur Leien ZOE (boost) dt 


İp sinn—?tdt ? ¿fay = dVır. 








where T(s) = ¢(¢—s¢’)""-*{(¢@—s¢’) + (b? — s?)6”). Then the volume 
form dV is given by dV = f(b)dV4, where dV, = \/det(a;;)dx, denote 
the Riemannian volume form of a. 
Recall that the group /(M, F) of isometries of a Finsler space (M,FJis a 
Lie transformation group of M [13]. If /(M,F) acts transitively on M, 
then UM, F)is called homogeneous. By using Levi-civita connection of 


(G/H, a), Shaoqing and Wang proved the following: 


Theorem 2.1. [13] Let F = aó(s)be a G-invariant (a, B)-metric on 
the reduction homogeneous manifold G/H with a decomposition of the 


Lie algebra 


g—h4m. 
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Then the S-curvature of F has the form 
1 © 


(2.4) S(o,g)z ^y zaa Co lms V) — oy) Qus ms ə), yem, 


where u is the vector in m corresponding to the 1-form B, and we have 


identified m with the tangent space of G/H at origin o—H. 


Definition 2.2. Let(G/H, F) be a homogeneous (a, B)metric of the 
form F = ois, where s = B/o with a a G-invariant Riemannian 
metric on G/H and B a G-invariant vector field on G/H. As pointed 
out in [13], B corresponds to a unique vector u in T,(G/H) which is 
fixed under linear isotropy representation of H on T,(G/H) ando = H 
is the origin of G/H. 


It is clear that b = ||B,||, is a constant. Also, G/H is a reductive 
homogeneous manifold in the sense of Nomizu[9], i.e, the Lie algebra 


of G has a decomposition: 
g = h + m(direct sum of subspaces) 


such that Ad(m) C m, VheH. 


3. S- CURVATURE OF HOMOGENEOUS MATSUMOTO METRIC 


In this section we find the formula for the homogeneous Matsumoto 


metric by computing the S-curvature. 








For a Matsumoto metric ¢ = m we have the following 
1—4 
Ə = T 
2(1 — 3s + 202) 
1 

alı 

1 
WU x, 


1 — 3s + 262° 
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Since (G/H, F) is homogeneous, we only need to compute at the ori- 
gin 0 = H. Let (U, (x!, x?, .....,z")) be the local coordinate system. 
According to the formula of the S-curvature in local coordinate system 
([13]), we need to compute the following quantities at the origin: 


iri = I(bi; + by) and the b;'s are defined by 8 = b,dzš. Further, 
h 





Shy, Where sij = SS — 52) and 


s; = bjs} and si is defined by si = af 
(a^) is the inverse matrix of (a;;); 
ii)so = s; 

iii) po = pry’, where p = In/1 — |[8]| and Lä is the length of the form 
B with respect to a. 

The quantity of type (iii) is easy. In fact p,; = 0 for any ¿ since 6, 


as an invariant form on G/H, has constant length. Therefore pg = 0. 


Next we compute roo and So. 


First, since 











ö . d o oð 
b, x uru — "Əz £—. Seil 
we have 
a _ 9 0 a, 
Or Oa) Ov" öz 
ö ö ö 
(3.1) “5077 ul 


Hence at the origin vve have (here vve use the symmetry of the connec- 


D; e NN 9 — [2 0]. 
tion: V s Oat V 2, bg = [a a] = 0) 


1 Oo d ðo o 
3€ V aen ai! "` ai aue aui o 





sij(0) = 
By ([12]) we have 


(3.2) su(0) = setts sil, tn) 
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Since at the origin we have (a;;) = In, we get 
s: (0) = a/^(0)s,.; (0) = M Öikök/ (0) — sU. 
Therefore 

s;(0) = b,(0)s (0) = cs; (0) = cs4(0). 


Thus for y = y'u; € m, we have 
1 
so(y) = ws(0)— ey'su(0) = 5c y (an, ula, Un) 


1 
= 5 cta; y ui]n; CUn) 


1 


(3:3) = (elə: a). 


Next we compute r;;. Suppose 7 > j. Then we have 


1 
ri(0) = z (Pis + bi)lo 














1, Ob, Ob; 
7 a ai m LE = Dai i MA 
1,0b; b, e 
== 2 5s + aille SCH eu (0). 
By (3.1) and ([12]) we have 
1,0b; Ob; 1 








A SE R ` əə D un o. 
G4 HĒ e D eus ul, us) i 2j 
By combining equation in ([12])with (3.4) we get 

1 bah A 
(3:5) — roll = —se(([b Mile: u5) + (lun: mill), $2 j. 
Moreover, 


(3.6) roolo = riş (0))”y” = —cilun, v]. Y). 


Note that ro is symmetric with respect to the indices 7, j and the 


right hand of 3.5 is also symmetric with respect to z, j. We conclude 
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that 3.5 is also valid for i > j. 


At the origin, for a Matsumoto metric direct computation shows that 


(n +1) 
a?(y) 


This is the S-curvature of homogeneous Matsumoto metric. Then we 


(3.7) S(0,y) = [O — Qo? (y) (lu, ym, u) + a(y)e(fun, Ylm v)]- 


state the following: 


Theorem 3.2. Let F = ad(s),where ö(s) = + be a G-invariant 
Matsumoto metric on the reductive homogeneous manifold G/H with a 


decomposition of the Lie algebra 
g=h+m, 


Then the S-curvature of F has the form as in 3.7, where y € m, u is 
the vector in m corresponding to the 1-form B, and we have identified 


m with the tangent space of G/H at origin 0 = H. 


4. MEAN BERWALD CURVATURE OF HOMOGENEOUS MATSUMOTO 


METRIC 
In this section we apply the theorem 2.1 and corollary 2.1 to give a 
formula of mean Berwald curvature of homogeneous Matsumoto metric. 


The mean Berwald curvature (E-curvature) is an important non- 


Riemannian quantity defined by (see 131) 





where G™ = G(x, y)are the spray coefficients. We know that 


S = 987. — (Ine()) ay", 
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here (Ino(x)),« is the function of x because Ino(z) is the function of 


a. hence 


0 = jar Ine (2). 


' his means that 


9? 9? oGm 0? öm 
Së = Əyöyi [Sem = (notz = 3p oon ) = 2E 





Now we compute 





82 0? S(o, 
ëlo y) mı n ees 2E;;(o, y) 


By Theorem 2.1 we’ve 


0? S(o, 2 c 2 o 
o eas adan llu vds 9)) ms Gs (is lm: 20). 





Before the computation, we recall that 








Os _ 1 — çim ða — Ym 
Oy" — a Um Ta ), Óym a?’ 
where Ym = amy. Since u,,u»,.....,u,, ls an orthonormal basis, we 


have amilə = öy". Therefore at the origin we have ym = y”. 


Theorem 4.3. Let (G/H, F) be a homogeneous Matsumoto metric of 
the form F = aó(s) where s = b/a with a a G-invariant Riemannian 
metric G/H and B a G-invariant vector field on G/H. Then the mean 


Berwald curvature of homogeneous Matsumoto metric is given in 4.2. 


Proof: Now we consider the special case of Matsumoto metric ç = 


a1. 
1-s° 


Let i = ó — sọ . Then we have Q = ə — 4, Q” — 2/(1 — 2s7), 


f zs 2 
y= ox m cap A = 1 + sQ + (97 — s?)Q' = zəy ; 
O= Q—sQ” — 1—4s 


2A 2(1—3s-r292)? 
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$ = —(Q — sQ'HnA + 1 + sQ) — (P — s?)(1 + sQ)Q" 
= — Acar (65^ — 325? + 2s? (6n — 8b? + 11) + s[8b?(6 — n) — 7n — 11] + 
(n + 2) + 20? (n — 4)). 


Letting c — 1 we get 


S(o, y) = azar (CA [ts Yin v) -o (y) Qu, Hl, u)) = -zaag ts gl, V)— 


22? (lu, Ulm, u), 
Aj 
? = — nəyə 
where A; = 16s5 — 32s5 + 2s2(6n — 8b? + 11) + s1857(6 — n) — 7n — 11] + 


(n + 2) + 20? (n — 4), 























(4.1) P : 
S(o, y) = 2(1 laz 252)? us Vim: V)—301 EXE 2b?)2(1 — 25) (lu, Ylm, u). 
Therefore, 
_ &S(o,y) _ 2 ie 
Ej; (0, y) = Öylöyi zə yay 3ü — 3s + EEN ([u, ylm; Y) 
Ai 
X. 2(1— 3s + 202)?(1 — 2s) (us tims u)) 
o? A, 
= Out dn o = 3s EUN 20?)?o(y) (lu, Ylm, v)) 
o? A, 
- Send aerem — 2s) ulm to 
Now, 


82 A 
By Oy [31 a ag) VL VIm: ¥)| 
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9? Ai 


























1 
= zlu 2 (1 — 3s + Datt 
Ay 9? (lu, Ulm; y) 
(1 — 3s + 2b?)a(y) ` Out 
O([u, gln: V) d ( A1 ) 
Oys Oy’ (1 — 3s + 2b2)2o (u) 
O([u, CH y) d Ai } 
Oy! Öyi (1 — 3s + 22)?a(y) ' 
where 
TH Qu us) + (lt tls t) 
lu, vm v) — ts E 
— Öyöyi — Se? Uu, wi], uy) SS (İu, uj]; ui). 
And 
ð , Ay = AL (b) — 537) | 64: (b) — s45) 
dy) (1 — 38+ 252)2o(y)” (1 — 38 + 2b)2a2(y) © (1 — 3s + 2b?)3a?(y) 
| Ay! 
^ (1 — 3s + 2b2)203(y)’ 





where 


A! = 48s? — 96s? + 6s(6n — 8b? + 11) + 897(6 — n) — 7n — 11. 
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Hence 
Lə si) 
Öylöyi (1 — 3s + 2b7)?a(y) 
NE At (b; — s25) ER Ai(b; — 845) 
Oy (1 — 3s + 2b2)2a2(y)’ ` Oy'^ (1 — 3s + 2b?)3a2(y) 
^. Öyü (1 — 3s + 2b?)203(y) 
8 1 A'só) ` Ai sy |O3Aw'yl 


—:. TN. any 








(1 — 3s + 20? o? (y) | 


























CASH) yg ty Py Man! 
(1 — 38 c 202)a(yy ^ ^" o(y"^' "oui! (y) a(y) 
pss = Aisy? | 6A‘b; R Aly! Gier, 
aly) a?(ıy) aly)  o*(y) a?(y) 
GA m y. 24 a AN T 
- aw “an” - Cary) ^ ox) ^ Saggy 


where 
AU 144s? — 1925 + 6(6n — 8b? + 11). 
Therefore we have 


2 
Öyiyi İrə, (lu, Ylm, y)| 




















Ai 
= (1-354 285 (y) SE” elə t) + usus] sə) + lusus] y) + Cs ms j) 
l At (bi — s45) 6A1(bi — 5:3) i Aw | 
(1 — 3s + 2b?)2a2(y) (1—388+2b7)2a2(y) (1 — 38 + 267)3a3(y) 
Ay (bj — sd) 6Ai(b; sqm) ` Ay | 
(1—3s--20o0?(y) (1—388+2b7)2a2(y) (1 — 3s + 267)3a3(y) 
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(lu, v]. v) ors: As ` Ajsyy ` 3Ary'y! 
(1 — 3s + 292)2a2(y) ' ail "` as) — o?(y) 


(64) + 5441) ó 6A, sy 7 64150; 





















































y y 
b; — s——)(b; — s )4 
(1 — 3s + 20?)a(y) (b; a(y) X a(y) a3(y) a(y) 
Aib; Ajsy  6Aib; Au  6Ajsy 
o(y) ary) aly) öy) oy) 
Git y' 241 | (Aug y! 
— Jb -5——)- (LL zeen lb sec, 
o?(y) a(v) a?(y) | a?(y) a(y) 
Note that 
öz A 
dy dys [- 2-353202) (025) (us Wlan, u)) 
o? A. 
= ; j u, Yjm, U 
oyóy Çi — 3s + 2b?) (1 — 35^ Vm, u) 
E A ö?(lu, y], u) 
2:(1—3s--202)(1—2s) | OyiOyi 
. 9 ( Ai Ou, hms t) ,.8 Ai 
^ Oy! (1 — 3s + 202) (1 — 2s) yi ` By (1— 3s + 202)(1 — 2s) 
Ölə gə, u) 
öy j 
where 
Əllüyylm u Ə2([u,u]m u 
Í aL ; m Uu, Wien, U), m = por (lu, dilə, u) = 0, 
St A1 ) zd 
f Oy) \ (1—3s+2b2)(1—2s) f 
At (bjs 25) 341 (bj-s Aa) | 2A1(bj—5 Aa) 
(1-3s4202)(1-2s)o(y) ' (1—3s4202)2(1-2s)o(y) ' (1—3s+2b2)(1—2s)2a(y) ` 
Similarly, 
I Ont \ (1—3s+2b2)(1—2s) f 
At (bis) 3A1(bi—5 SR | 241 (bis 4) 
(1—3s+2b2)(1—2s)a(y) " (1—3s+2b2)?(1—-2s)a(y) ' (1—3s+2b2)(1—2s)?2a(y)? 
where 


A) = 48s? — 96s? + 6s(6n — 8b? + 11) + 8 (6 — n) — 7n — 11. 
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Hence 
9? ( A1 ) Ke 
Oy’ Oy? V (1—3s+2b7) (1-28) 7 — 
j j j 
a [ A1(b;— 5265) 3A1(bj—8 275) 2A1(bj—5 37) 





Oy? L (1—3s+2b2)(1—2s)o (J) (1—3s+2b?)2(1—2s)a(y) ' (1-351281 26a (y) 



































(1— 3s + 292)(1 — 2s)o2(y) ^ 1? a(y) — (1 — 3s + 202) 
(1—3s--202)a(y) (1-— 3s + 2b?)a(y) | M a(y) 
ni Ayy” 3Aiyf 2Aiy' y! 
(b; — s—) -| | s | J(b; — s 
o(y) aly) (1—3s+2b)a(y) (1 — 2s)a(g) ov) 
2A! 18A, 
+ 1342 4 L j 
- (1 —2s) (1 — 3s r 292)2 
124) y yi 
8A,]|(b; — s——)(b; — s—— 
(1 — 3s + 2b?)(1 — 2s) i tam x 1 
Aisyy | Al gi 1 3A,5y'y? 7 24,56) (0 2Asy'yi 
a?(y) — (1 — 3s + 2b2)a2(y) (1-—2s) | (1 — 2s)a?(y) ` 
Therefore, 


a A 
Eng E EE EE Un, Wlan, u)] 









































- ([u, tj], u) / 34 __ 241 = ES 
— (1—3s - 20) — 2s)o(y) nu (1—3s+2b?) ` (1— zl aly)? 
Un, Wilm, u) 1 344 2A sy! 
(1 — 3s + 262) (1 — 2s)a(y) Ai (1 — 3s + 202) (1 — 55)! um am 
Un, y] m, u) [A"b; — (As + Au, 3A1b; 
(1 — 3s + 2b2)(1 — 2s)" 17 a(y) | (1 — 3s + 202) 
7 3A's 
(1 — 3s + 2b2)a(y) 
Dim gry MA tA), 3. 
(1-3s*28)a(y) 2 aQ) aq’ 
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E [dur | 3A V 
a(y) (1—3s-20?)a(y) 
= DA | 
(1— 2s)ağı) UN “any bA: (1—2s) (1 — 3s + 227)? 
124: o yi 
- 8A;](b; — 8— Am, e E. 

(1 — 3s + 2b?)(1 — 2s) d 250 2 SD 
A! sy'y? La 3A, sy! - 24,50) (0 2Arsy'y! | 
a3(y) li (1—38+2b)a2(y) (1-—2s) © (1—2s)a2(y)” 


Finally, by direct computation we have 





— OS(o,y) Ə? Ay 
2E;;(o, y) T Öylöyi SC Öyüyi su — 3s ES 2b)2a(y) (lu, Ym, ))) 
o? Ai 
Uu, Ym; u)] 





` Öylöyi Wie — 35 + 202? (1 — 2s) 











_ 1 E T: 
ui 00 a a 
BENE 
* GÜ” ail" ay 
i. Cds 9) E OR us dg s) E 
ET Cat Va, ui]; Uy) sË (at, gələ, Us)) } 
1 dm Cee ee 2 
(13s DAA —25)a&(y) E " ail" 267 ag, 
00 
* Gi” ayi” açı) 
. Mus mm EE 
“b Cla, Yim, u) + Cz Tu, ula, y) (bi sg ölmə Y) (b; a(y) 


where 





Ci = asl (fb; + 6415; + At!) — CIAA HAW], 
|. (24441241y*) 
lunu 
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_— (64, 45441) 
Cs — (1-35 12022 (g]" 


j j A! syty DI teri 
C4 = Að} — [(A1 — 64) )söl — ARE Sen Says) 
































: a(y) o? (y) o?(y) tay)? 
Cs = (Ai + 64))(b) — 25) — dur, 
Co (Ai PEANO AT 
C: = (At A 2A! )b; m ——— CEES (3415). (y) = 
3A1s — 3Ayy/)], 
Cz = x LA: 4 sə) | j 
C3 = 5A) + 841 4 dc Hipp | = s)” 
Ci = EY. — Asl + coeur — aah (6 + BH), 
Cs = [Aj 4 = | a sla). 


5. CONCLUSION 


It is an important problem to compute the geometric quantities such 
as curvature properties of homogeneous spaces. In particular, J.Milnor 
used the formula of the sectional curvature of left invariant Riemannian 
metric on a Lie group to study the curvature properties of such spaces. 
The formula of sectional curvature of a homogeneous Riemannian man- 


ifolds with negative or positive curvatures. 


In this paper, we first present the formula for the S-curvature of a 
homogeneous Matsumoto metric. We know, the notion of S-curvature 
of a Finsler space was introduced by Z.Shen in [15]. It is a quantity to 
measure the rate of change of the volume form of Finsler space along 
the geodesics and it is a non-Riemannian quantity. Further, using the 
formula for the S-curvature, we find the formula for mean Berwald 


curvature of homogeneous Matsumoto metric. 
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